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Interval estimation problem.
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INTRODUCTION

Assume that we observe a sample of size n of data following a certain (unknown)
distribution F :

x = (x1, . . . , xn), with xi ⇠ F 8i 2 {1, . . . , n}

We focus on the problem of estimating one (or more) parameter ✓ of the distri-
bution F . We denote it as ✓ = t(F ).

✓ = t(F ) = EF (x)
<latexit sha1_base64="nesxY68Ls2VftVdxtxsh/3eX0qc="></latexit>

Assume that ✓̂ = t(F̂ ) is the plug-in estimator of ✓.
Is it possible to build confidence intervals based on the Bootstrap estimate of
the standard error?

<latexit sha1_base64="+CUfwNdMKVR5HXYuAjw86pvzTQY="></latexit>
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DESIRED PROPERTIES OF 
CONFIDENCE INTERVALS

For ease of notation, we will define the properties for a one-tailed confidence
interval of level 1� ↵: (✓̂↵,+1).

Definition 1 A confidence interval (✓̂↵,+1) of level 1 � ↵ for the parameter
✓ is said to be exact if, for all ↵ 2 (0, 1):

P(✓  ✓̂↵) = ↵.

In general, we will work with asymptotic confidence intervals, i.e., confidence
intervals for which exactness holds just asymptotically, for n ! 1. For such
intervals we can define the properties of accuracy and correctness:

Definition 2 A confidence interval (✓̂↵,+1) of level 1 � ↵ for the parameter
✓ is said to be first-order accurate if, for all ↵ 2 (0, 1):

P(✓  ✓̂↵) = ↵+O(n�1/2).

A confidence interval (✓̂↵,+1) of level 1 � ↵ for the parameter ✓ is said to be
second-order accurate if, for all ↵ 2 (0, 1):

P(✓  ✓̂↵) = ↵+O(n�1).

<latexit sha1_base64="/jyGbQL2WTUbd57Wb7E9AnA7Bn8="></latexit>
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<latexit sha1_base64="7MKf/kbCLlABmW5bpbt2Pdv4Jzk="></latexit>

6

DESIRED PROPERTIES OF 
CONFIDENCE INTERVALS



alessia.pini@unicatt.it

Definition 1

Definition 2

Definition 3 Let ✓̂exact↵ be the endpoint of an exact confidence interval of level
1�↵ for the parameter ✓. A confidence interval (✓̂↵,+1) of level 1�↵ for the
parameter ✓ is said to be first-order correct if, for all ↵ 2 (0, 1):

✓̂↵ = ✓̂exact↵ +O(n�1) = ✓̂exact↵ +O(n�1/2) · �̂.

A confidence interval (✓̂↵,+1) of level 1 � ↵ for the parameter ✓ is said to be
second-order correct if, for all ↵ 2 (0, 1):

✓̂↵ = ✓̂exact↵ +O(n�3/2) = ✓̂exact↵ +O(n�1) · �̂.

<latexit sha1_base64="zc1xw9UzJu43hzIA/q8MIaQ8OqI="></latexit>

7

DESIRED PROPERTIES OF 
CONFIDENCE INTERVALS



alessia.pini@unicatt.it

1. Asymptotic normal confidence intervals.

2. Bootstrap-t confidence intervals.

3. Percentile intervals.

4. BCa confidence intervals.

5. ABC confidence intervals.
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ASYMPTOTIC NORMAL 
CONFIDENCE INTERVAL

It is often possible to show asymptotic results on the estimator ✓̂. In many cases
we have that

✓̂ � ✓

bse(✓̂)
! N(0, 1).

h
✓̂ � z↵/2 bseB , ✓̂ + z↵/2 bseB

i

<latexit sha1_base64="9qHMw5naRtaCr+n5g1HX1q2+85A="></latexit>
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Asymptotic confidence interval for theta with (asymptotic) 
coverage probability 1-alpha:
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<latexit sha1_base64="9qHMw5naRtaCr+n5g1HX1q2+85A="></latexit>

Properties.

• If xi ⇠ N(µ,�2
) and ✓ = µ, the interval is exact.

• It
✓̂�✓
bse(✓̂)

! N(0, 1), the interval is asymptotically exact.

• It is often possible to prove first order accuracy and correctness. However

the properties of this interval strictly depend on the form of the estimator

✓̂.
<latexit sha1_base64="DtPw5V6TNW/NNSZa01m3pUZ/jB0="></latexit>
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Example: test score data.

B = 100:      (0.5333,  0.7048)
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ASYMPTOTIC NORMAL 
CONFIDENCE INTERVAL
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Here a low number of replications is ok, since we are 
using only the point estimate of sd to build the interval. 
However, it is difficult to understand from the QQplot if 
the distribution is approximately Normal. 
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Example: test score data.

B = 10000: (0.5249,  0.7097)
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ASYMPTOTIC NORMAL 
CONFIDENCE INTERVAL
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Here a low number of replications is ok, since we are 
using only the point estimate of sd to build the interval. 
However, it is difficult to understand from the QQplot if 
the distribution is approximately Normal. 
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1. Asymptotic normal confidence intervals.

2. Bootstrap-t confidence intervals.

3. Percentile intervals.

4. BCa confidence intervals.

5. ABC confidence intervals.

16

BOOTSTRAP CONFIDENCE 
INTERVALS
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BOOTSTRAP-T INTERVAL

Confidence interval for theta with coverage probability 1-alpha.

<latexit sha1_base64="dc6Pq/LpcMbcC5ZWdOXeMR0QwQQ="></latexit>

The idea of the Bootstrap-t interval is based on a Bootstrapped version of the
Student-t pivotal statistic:

T =
✓̂ � ✓

se(✓̂)
.

The statistic T is used for building Normal-theory confidence interval, since its
distribution does not depend on unknown parameters (Student-t distribution
with n� 1 degrees of freedom).
Since the quantiles t↵,n�1 of the t distribution are known, then:

P(t1�↵/2,n�1  T  t↵/2,n�1) = 1� ↵

P
⇣
✓̂ � se(✓̂)t↵/2,n�1  ✓  ✓̂ � se(✓̂)t1�↵/2,n�1

⌘
= 1� ↵

⇣
✓̂ � se(✓̂)t↵/2,n�1, ✓̂ � se(✓̂)t↵/2,n�1

⌘

<latexit sha1_base64="dc6Pq/LpcMbcC5ZWdOXeMR0QwQQ="></latexit>

The idea of the Bootstrap-t interval is based on a Bootstrapped version of the
Student-t pivotal statistic:

T =
✓̂ � ✓

se(✓̂)
.

The statistic T is used for building Normal-theory confidence interval, since its
distribution does not depend on unknown parameters (Student-t distribution
with n� 1 degrees of freedom).
Since the quantiles t↵,n�1 of the t distribution are known, then:

P(t1�↵/2,n�1  T  t↵/2,n�1) = 1� ↵

P
⇣
✓̂ � se(✓̂)t↵/2,n�1  ✓  ✓̂ � se(✓̂)t1�↵/2,n�1

⌘
= 1� ↵

⇣
✓̂ � se(✓̂)t↵/2,n�1, ✓̂ � se(✓̂)t↵/2,n�1

⌘
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BOOTSTRAP-T INTERVAL

<latexit sha1_base64="A+17eIH0/hXOTUUMdThUWVbtWGc="></latexit>

Idea. Instead of trying to elicit the distribution of T under parametric as-
sumptions, we can generate a sample of B Bootstrap replications of the statistic
T . In detail, As in the point estimation case, we can generate B Bootstrap sam-
ples x⇤

1, . . . ,x
⇤
B , which mimic sampling from the original model. Then, we can

compute for each Bootstrap sample b the following quantity, mimicking the
Student-t pivotal statistic T :

Z⇤
b =

✓̂⇤b � ✓̂

bse⇤b
.

We have B Bootstrap copies Z⇤
1 , . . . , Z

⇤
B , and we can define the quantiles t↵

such that:
#{Z⇤

b � t↵}
B

= ↵.

Finally, the Bootstrap-t confidence interval of level 1� ↵ is:

⇣
✓̂ � t↵/2 bseB , ✓̂ � t1�↵/2 bseB

⌘
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• We need to estimate bse⇤b , that is the standard error of the bth Bootstrap

sample: bse⇤b = bse(✓̂⇤b ). If ✓̂⇤b is simple, we usually have formulas that we

can use (together with the plug-in estimates). Otherwise, we can apply

another Bootstrap to compute it ) two nested layers of Bootstrapping.

• To compute the point estimate bseb we can use around B1 ' 100 replica-

tions. To compute the confidence interval, we need B2 ' 1000 replications.

This approach requires at least B1 ·B2 ' 100000 Bootstrap replications.

• This interval is not invariant under transformations: if we apply a non

linear (monotone) function to the parameter, compute the CI, and then

transform back the interval endpoints, we do not find necessarily the same

result. In addition, some transformations have better properties than oth-

ers, and we could use another Bootstrap layer to find the transformation

itself ...

<latexit sha1_base64="cXGg9+sigPaLyYgsGQsqRJsZE7o="></latexit>

19

BOOTSTRAP-T INTERVAL
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Properties.

• Not invariant under increasing transformations. If m is an increasing
function and (✓̂L↵ , ✓̂U↵) is a Bootstrap-t confidence interval of level 1� ↵
for ✓, the confidence interval for m(✓) is not necessarily (m(✓̂L↵),m(✓̂U↵)).

• The Bootstrap-t interval is second-order accurate and second-order cor-
rect.

• To avoid computation of ŝe⇤b , it is possible to use the non-studentized
approximate pivot ✓̂ � ✓. This gives a confidence interval that is only
first-order accurate and correct.

<latexit sha1_base64="vdAbIrcdKFL+8ZOnSW44QeIsYkA="></latexit>

20

BOOTSTRAP-T INTERVAL
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Example: test score data. 

B = 100: (0.5277,  0.7529)

21

BOOTSTRAP-T INTERVAL

Histogram of boot.score$t
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Example: test score data. 

B = 10000: (0.5226,  0.7165) VERY LONG!!
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BOOTSTRAP-T INTERVAL

Histogram of boot.score2$t
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1. Asymptotic normal confidence intervals.

2. Bootstrap-t confidence intervals.

3. Percentile intervals.

4. BCa confidence intervals.

5. ABC confidence intervals.

23

BOOTSTRAP CONFIDENCE 
INTERVALS
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PERCENTILE INTERVAL

For percentile intervals we use directly the empirical quantiles of ✓̂⇤1 , . . . , ✓̂
⇤
B .

The 1� ↵ confidence interval is then:
h
✓̂⇤(1�↵/2), ✓̂

⇤
(↵/2)

i

Properties:

• It is invariant through monotone transformations (since any monotone
transformation preserve the ordering of the quantities ✓̂⇤b ): for all increas-

ing function m, if (✓̂L↵ , ✓̂U↵) is a Bootstrap-t confidence interval of level
1� ↵ for ✓, the confidence interval for m(✓) is (m(✓̂L↵),m(✓̂U↵)).

• It is first-order accurate and correct.

• In practice, if ✓̂ is a biased estimator, for instance so that

✓̂ ⇠ N(✓ + Bias,Var(✓̂))

the percentile interval (as well as the Bootstrap-t interval) does not gen-
erally behave well.

<latexit sha1_base64="ov1yTSpIyEu+hSwaDja5MBdpHNE="></latexit>

Empirical quantiles of the Bootstrap 
replications distribution
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PERCENTILE INTERVAL
<latexit sha1_base64="wlbfVTqFpElSW3rQjC2+1/s4LeY="></latexit>

For percentile intervals we use directly the empirical quantiles of ✓̂⇤1 , . . . , ✓̂
⇤
B .

The 1� ↵ confidence interval is then:
h
✓̂⇤(1�↵/2), ✓̂

⇤
(↵/2)

i

Properties:

• It is invariant through monotone transformations (since any monotone
transformation preserve the ordering of the quantities ✓̂⇤b ): for all increas-

ing function m, if (✓̂L↵ , ✓̂U↵) is a Bootstrap-t confidence interval of level
1� ↵ for ✓, the confidence interval for m(✓) is (m(✓̂L↵),m(✓̂U↵)).

• It is first-order accurate and correct, only if the distribution of ✓̂ is sym-
metric!

• In practice, if ✓̂ is a biased estimator, for instance so that

✓̂ ⇠ N(✓ + Bias,Var(✓̂))

the percentile interval does not generally behave well.

• It should be regarded as a prediction interval for ✓̂ instead of a confidence
interval for ✓.
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Example: test score data. 

B = 100: (0.5285,  0.6993)
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PERCENTILE INTERVAL

Histogram of boot.score$t
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Example: test score data. 

B = 10000: (0.5249,  0.7080)
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PERCENTILE INTERVAL

Histogram of boot.score2$t

boot.score2$t
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1. Asymptotic normal confidence intervals.

2. Bootstrap-t confidence intervals.

3. Percentile intervals.

4. BCa confidence intervals.

5. ABC confidence intervals.

28

BOOTSTRAP CONFIDENCE 
INTERVALS
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BCA CONFIDENCE INTERVAL

BCa confidence intervals: Bias Corrected and Accelerated confidence
intervals.
Remember that percentile intervals are

h
✓̂⇤(1�↵/2), ✓̂

⇤
(↵/2)

i
.

The idea of BCa confidence intervals is to introduce a correction to the previous
interval to take into account that ✓̂ might be biased. The interval is:

h
✓̂⇤↵1

, ✓̂⇤↵2

i

where:

↵1 = 1� �

✓
ẑ0 +

ẑ0 + z1�↵/2

1� â(ẑ0 + z1�↵/2)

◆

↵2 = 1� �

✓
ẑ0 +

ẑ0 + z↵/2
1� â(ẑ0 + z↵/2)

◆

<latexit sha1_base64="/VCBpLSmOgY9U3cw5WbXnbup4iE="></latexit>
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BCA CONFIDENCE INTERVAL

BCa confidence intervals: Bias Corrected and Accelerated confidence
intervals.
Remember that percentile intervals are

h
✓̂⇤(1�↵/2), ✓̂

⇤
(↵/2)

i
.

The idea of BCa confidence intervals is to introduce a correction to the previous
interval to take into account that ✓̂ might be biased. The interval is:

h
✓̂⇤↵1

, ✓̂⇤↵2

i

where:

↵1 = 1� �

✓
ẑ0 +

ẑ0 + z1�↵/2

1� â(ẑ0 + z1�↵/2)

◆

↵2 = 1� �

✓
ẑ0 +

ẑ0 + z↵/2
1� â(ẑ0 + z↵/2)

◆

<latexit sha1_base64="/VCBpLSmOgY9U3cw5WbXnbup4iE="></latexit>
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BCA CONFIDENCE INTERVAL

Quantiles of the 
standard 
Normal 
distribution

Cdf of the 
standard 
Normal 
distribution

BCa confidence intervals: Bias Corrected and Accelerated confidence
intervals.
Remember that percentile intervals are

h
✓̂⇤(1�↵/2), ✓̂

⇤
(↵/2)

i
.

The idea of BCa confidence intervals is to introduce a correction to the previous
interval to take into account that ✓̂ might be biased. The interval is:

h
✓̂⇤↵1

, ✓̂⇤↵2

i

where:

↵1 = 1� �

✓
ẑ0 +

ẑ0 + z1�↵/2

1� â(ẑ0 + z1�↵/2)

◆

↵2 = 1� �

✓
ẑ0 +

ẑ0 + z↵/2
1� â(ẑ0 + z↵/2)

◆

<latexit sha1_base64="/VCBpLSmOgY9U3cw5WbXnbup4iE="></latexit>
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BCA CONFIDENCE INTERVAL

Quantiles of the 
standard 
Normal 
distribution

Cdf of the 
standard 
Normal 
distribution

• ẑ0: bias correction parameter

• â: acceleration parameter
<latexit sha1_base64="r0mPRKhHgd5dOYXxFY+heyLUyuE="></latexit>

BCa confidence intervals: Bias Corrected and Accelerated confidence
intervals.
Remember that percentile intervals are

h
✓̂⇤(1�↵/2), ✓̂

⇤
(↵/2)

i
.

The idea of BCa confidence intervals is to introduce a correction to the previous
interval to take into account that ✓̂ might be biased. The interval is:

h
✓̂⇤↵1

, ✓̂⇤↵2

i

where:

↵1 = 1� �

✓
ẑ0 +

ẑ0 + z1�↵/2

1� â(ẑ0 + z1�↵/2)

◆

↵2 = 1� �

✓
ẑ0 +

ẑ0 + z↵/2
1� â(ẑ0 + z↵/2)

◆

<latexit sha1_base64="/VCBpLSmOgY9U3cw5WbXnbup4iE="></latexit>
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• If â = ẑ0 = 0 )

• In the general case:

‘ ẑ0 = ��1
⇣

#{✓̂⇤
b<✓̂}
B

⌘
. Measures the median bias of ✓̂, that is the

di↵erence between the median of ✓̂⇤ and ✓̂. If ✓̂⇤ is centered on ✓̂:
ẑ0 = ��1(0.5) = 0.

‘ â =
Pn

i=1(✓̂(·)J�✓̂(i)J )3

6(
Pn

i=1(✓̂(·)J�✓̂(i)J )2)3/2
, where ✓̂(·)J is the Jacknife estimate and

✓̂(i)J are the Jacknife replications. corrects from the fact that se(✓̂)
can possibly depend on ✓.

<latexit sha1_base64="wXzhmNE9JtJz9rSiptU0SuinLEU="></latexit>
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BCA CONFIDENCE INTERVAL

• ẑ0: bias correction parameter

• â: acceleration parameter
<latexit sha1_base64="r0mPRKhHgd5dOYXxFY+heyLUyuE="></latexit>

BCa confidence intervals: Bias Corrected and Accelerated confidence
intervals.
Remember that percentile intervals are

h
✓̂⇤(1�↵/2), ✓̂

⇤
(↵/2)

i
.

The idea of BCa confidence intervals is to introduce a correction to the previous
interval to take into account that ✓̂ might be biased. The interval is:

h
✓̂⇤↵1

, ✓̂⇤↵2

i

where:

↵1 = 1� �

✓
ẑ0 +

ẑ0 + z1�↵/2

1� â(ẑ0 + z1�↵/2)

◆

↵2 = 1� �

✓
ẑ0 +

ẑ0 + z↵/2
1� â(ẑ0 + z↵/2)

◆

<latexit sha1_base64="/VCBpLSmOgY9U3cw5WbXnbup4iE="></latexit>

â = ẑ0 = 0 )
↵1 = 1� �(z1�↵/2) = 1� ↵/2

↵2 = 1� �(z↵/2) = ↵/2
<latexit sha1_base64="A9inHM2nt+nOHImw/oSGm50Q2UY="></latexit>
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BCA CONFIDENCE INTERVAL

Statistical model for BCa confidence intervals.
Assume that there exists an increasing transformation m such that  = m(✓),
and  ̂ = m(✓̂) gives:

 ̂ �  

se 
⇠ N(�z0, 1)

and assume that, for an appropriate reference point  0:

se = se 0(1 + a( �  0))

If this model holds exactly, an exact upper 1�↵ limit (of a two-tailed interval)
for  is:

 ̂↵ =  ̂ + se ̂
z0 + z1�↵/2

1� a(z0 + z1�↵/2)
.

Mapping back this limit in the original ✓ parameter space we have the upper
limit for ✓:

✓̂↵ = G�1

✓
�

✓
z0 +

z0 + z1�↵/2
1� a(z0 + z1�↵/2)

◆◆
.

This model also gives the estimates of ẑ0 = P(✓̂⇤ < ✓) and â.
<latexit sha1_base64="lj5LYP7teAb6blmxEH1MDDtjUEo="></latexit>
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BCA CONFIDENCE INTERVAL

Statistical model for BCa confidence intervals.
Assume that there exists an increasing transformation m such that  = m(✓),
and  ̂ = m(✓̂) gives:

 ̂ �  

se 
⇠ N(�z0, 1)

and assume that, for an appropriate reference point  0:

se = se 0(1 + a( �  0))

If this model holds exactly, an exact upper 1�↵ limit (of a two-tailed interval)
for  is:

 ̂↵ =  ̂ + se ̂
z0 + z1�↵/2

1� a(z0 + z1�↵/2)
.

Mapping back this limit in the original ✓ parameter space we have the upper
limit for ✓:

✓̂↵ = G�1

✓
�

✓
z0 +

z0 + z1�↵/2
1� a(z0 + z1�↵/2)

◆◆
.

This model also gives the estimates of ẑ0 = P(✓̂⇤ < ✓) and â.
<latexit sha1_base64="lj5LYP7teAb6blmxEH1MDDtjUEo="></latexit>
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BCA CONFIDENCE INTERVAL

Properties.

• It is invariant through monotone transformations: for all increasing func-
tion m, if (✓̂L↵ , ✓̂U↵) is a BCa confidence interval of level 1� ↵ for ✓, the
confidence interval for m(✓) is (m(✓̂L↵),m(✓̂U↵)).

• It is second-order accurate and correct.

• It requires a large number of Bootstrap replications to be computed with
a low approximation error.

<latexit sha1_base64="XWRKv5WVnlVBfg61rjtk4LGSXMw="></latexit>
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Example: test score data. 

B = 100: (0.5141,  0.6972)
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Histogram of boot.score$t
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Example: test score data. 

B = 10000: (0.5224,  0.7059)
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Histogram of boot.score2$t

boot.score2$t
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1. Asymptotic normal confidence intervals.

2. Bootstrap-t confidence intervals.

3. Percentile intervals.

4. BCa confidence intervals.

5. ABC confidence intervals.

39

BOOTSTRAP CONFIDENCE 
INTERVALS
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• Based on an analytical approximation of the BCa confidence intervals (instead 
of MC replications).

• Requires that the estimator of theta is smooth (is first and second order 
differentiable). 

• Uses Taylor expansion to approximate the endpoints. 

• It is invariant under monotone transformations.

• It is second-order accurate and correct (if the estimator is smooth). 

• In order to use it, it is necessary to find the expression of theta as a function 
of the vector P*, collecting the proportion of units in the bootstrap sample 
that equals the jth original data point.

40

ABC CONFIDENCE INTERVAL
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Example: test score data. 

The result does not depend on B: (0.5180939, 0.7064266)
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Histogram of boot.score2$t

boot.score2$t

D
en
si
ty

0.45 0.55 0.65 0.75

0
2

4
6

8

0.4 0.5 0.6 0.7 0.8

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

ECDF of Bootstrap replications

x

Fn
(x
)



alessia.pini@unicatt.it

TESTS

42
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Let us assume that we observe a sample x of size n from unknown F . Define
µx = E[Xi]. We now want to test the following hypotheses:

H0 : µx = µ0

H1 : µx 6= µ0

Classical approach: under the assumption of normality of data or of large
sample size, we find the (eventually approximate) distribution F0 of a test statis-
tic t(X) under the null hypothesis H0. Using such distribution, we find the level
↵ rejection region of the test, or the test p-value:

p = PH0(t(X) � t(x)).

Bootstrap approach: approximate the distribution F0 using an empirical
estimate F̂0 and compute the p-value by drawing data sets from F̂0.

<latexit sha1_base64="dNIHl/8fOO89KwcoVdeHUcVY1Gg="></latexit>
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Let us assume that we observe a sample x of size n from unknown F . Define
µx = E[Xi]. We now want to test the following hypotheses:

H0 : µx = µ0

H1 : µx 6= µ0

Classical approach: under the assumption of normality of data or of large
sample size, we find the (eventually approximate) distribution F0 of a test statis-
tic t(X) under the null hypothesis H0. Using such distribution, we find the level
↵ rejection region of the test, or the test p-value:

p = PH0(t(X) � t(x)).

Bootstrap approach: approximate the distribution F0 using an empirical
estimate F̂0 and compute the p-value by drawing data sets from F̂0.

<latexit sha1_base64="dNIHl/8fOO89KwcoVdeHUcVY1Gg="></latexit>
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Let us assume that we observe a sample x of size n from unknown F . Define
µx = E[Xi]. We now want to test the following hypotheses:

H0 : µx = µ0

H1 : µx 6= µ0

Classical approach: under the assumption of normality of data or of large
sample size, we find the (eventually approximate) distribution F0 of a test statis-
tic t(X) under the null hypothesis H0. Using such distribution, we find the level
↵ rejection region of the test, or the test p-value:

p = PH0(t(X) � t(x)).

Bootstrap approach: approximate the distribution F0 using an empirical
estimate F̂0 and compute the p-value by drawing data sets from F̂0.

<latexit sha1_base64="dNIHl/8fOO89KwcoVdeHUcVY1Gg="></latexit>
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TESTING THE MEAN OF ONE 
SAMPLE

Problem: the empirical distribution F̂ is not a good candidate for estimating

F0, since it does not obey to H0. We first have to impose that H0 is true, that

is µx = µ0.

However, we can first translate data so that their sample mean is exactly µ0.

Then, we compute the empirical distribution F̂0 of translated data, and use it

to generate Bootstrap replications and to approximate the null distribution of

the test statistic.

We find a procedure for testing H0 against H1 with an approximate level ↵.

The level of the test is asymptotically correct (thanks to convergence of F̂0

to F0).
<latexit sha1_base64="e5q7w/EfYwu3w/Xn9vwFFlJm40k="></latexit>
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TESTING THE MEAN OF ONE 
SAMPLE

Problem: the empirical distribution F̂ is not a good candidate for estimating

F0, since it does not obey to H0. We first have to impose that H0 is true, that

is µx = µ0.

However, we can first translate data so that their sample mean is exactly µ0.

Then, we compute the empirical distribution F̂0 of translated data, and use it

to generate Bootstrap replications and to approximate the null distribution of

the test statistic.

We find a procedure for testing H0 against H1 with an approximate level ↵.

The level of the test is asymptotically correct (thanks to convergence of F̂0

to F0).
<latexit sha1_base64="e5q7w/EfYwu3w/Xn9vwFFlJm40k="></latexit>
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Problem: the empirical distribution F̂ is not a good candidate for estimating
F0, since it does not obey to H0. We first have to impose that H0 is true, that
is µx = µ0.
Algorithm for testing the mean of one population.

• Translate the data so that their sample mean is µ0:

zi = xi � x+ µ0

• Approximate F0 with F̂0, that is the empirical distribution of data zi.

• Repeat B times:

– Draw a sample z⇤b from F̂0.

– Evaluate the test statistic on z⇤b :

t(z⇤b) =
z⇤b � µ0p

�̂
2
b/n

• Finally, evaluate the p-value of the test as:

p̂B =
#{t(z⇤b) � t(x)}

B
.

<latexit sha1_base64="1RItdeik93LZ5bC5xgdLQ9vRvVE="></latexit>
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TESTING MEAN DIFFERENCES 
BETWEEN TWO SAMPLES

Assume that we observe two independent samples:

• z: sample of size m drawn from the unknown distribution F , µz = E[F ].

• y: sample of size n drawn from the unknown distribution G, µy = E[G].

We now want to test mean di↵erences between the two groups, that is testing
the hypotheses:

H0 : µz = µy

H1 : µz 6= µy

Estimating F0 and G0: under H0, F and G have the same mean. So, we
estimate the sample distributions F̂0 and Ĝ0 by first translating both samples
so that they have a common mean, and then computing separately the two
empiric distributions:

z̃i = zi � z + x

ỹi = yi � y + x

x =

 
mX

i=1

zi +
nX

i=1

yi

!
/(n+m)

<latexit sha1_base64="2AEooZyB0U1Fb7FzaZmdH76eQVA="></latexit>
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TESTING MEAN DIFFERENCES 
BETWEEN TWO SAMPLES

Assume that we observe two independent samples:

• z: sample of size m drawn from the unknown distribution F , µz = E[F ].

• y: sample of size n drawn from the unknown distribution G, µy = E[G].

We now want to test mean di↵erences between the two groups, that is testing
the hypotheses:

H0 : µz = µy

H1 : µz 6= µy

Estimating F0 and G0: under H0, F and G have the same mean. So, we
estimate the sample distributions F̂0 and Ĝ0 by first translating both samples
so that they have a common mean, and then computing separately the two
empiric distributions:

z̃i = zi � z + x

ỹi = yi � y + x

x =

 
mX

i=1

zi +
nX

i=1

yi

!
/(n+m)

<latexit sha1_base64="2AEooZyB0U1Fb7FzaZmdH76eQVA="></latexit>
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Bootstrap data sets: We draw a sample of size n from F̂0 and a sample of
size n from Ĝ0.
Test statistic: The test statistic can be borrowed from the classical paramet-
ric case (studentized statistic, similar to the one used for the construction of
Bootstrap-t confidence intervals).
In the case of assuming equal variances:

t(x) =
z � yq

s2p
�

1
m + 1

n

�

with s2p is the pooled estimate of the variance.
In the case of assuming unequal variances:

t(x) =
z � yr⇣
s2z
m +

s2y
n

⌘

<latexit sha1_base64="fY2EK4K1M83LzFT8bzlv5FEtOyU="></latexit>
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TESTING MEAN DIFFERENCES 
BETWEEN TWO SAMPLES

Bootstrap data sets: We draw a sample of size n from F̂0 and a sample of
size n from Ĝ0.
Test statistic: The test statistic can be borrowed from the classical paramet-
ric case (studentized statistic, similar to the one used for the construction of
Bootstrap-t confidence intervals).
In the case of assuming equal variances:

t(x) =
z � yq

s2p
�

1
m + 1

n

�

with s2p is the pooled estimate of the variance.
In the case of assuming unequal variances:

t(x) =
z � yr⇣
s2z
m +

s2y
n

⌘

<latexit sha1_base64="fY2EK4K1M83LzFT8bzlv5FEtOyU="></latexit>
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TESTING HYPOTHESES ON LINEAR 
REGRESSION PARAMETERS

Assume that we observe pairs (ci, yi) for i = 1, . . . , n. We assume that data

follow the linear regression model

yi = ci�
0
+ "i =

pX

j=1

cij�j + "i

where "i is an i.i.d. sample from an unknown distribution F with E["i] = 0,

Var["i] = �
2 8i.

We want to test, for j = 1, . . . , p:

H0 : �k = 0

H1 : �k 6= 0

Estimating the null distribution.
Under the null hypothesis, the model reduces to:

yi =

X

j 6=k

cij�j + "i = [ci](k)�0 + "i.

So, the null model P0 = (�0, F0) can be estimated with P̂0 = (�̂0, F̂0) where �̂0

is the OLS estimator of �0 and F̂0 the empirical distribution of the residuals of

the null model.
<latexit sha1_base64="XUXxnB1l12ztzHiRzizxeSq1V48="></latexit>
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TESTING HYPOTHESES ON LINEAR 
REGRESSION PARAMETERS

Assume that we observe pairs (ci, yi) for i = 1, . . . , n. We assume that data

follow the linear regression model

yi = ci�
0
+ "i =

pX

j=1

cij�j + "i

where "i is an i.i.d. sample from an unknown distribution F with E["i] = 0,

Var["i] = �
2 8i.

We want to test, for j = 1, . . . , p:

H0 : �k = 0

H1 : �k 6= 0

Estimating the null distribution.
Under the null hypothesis, the model reduces to:

yi =

X

j 6=k

cij�j + "i = [ci](k)�0 + "i.

So, the null model P0 = (�0, F0) can be estimated with P̂0 = (�̂0, F̂0) where �̂0

is the OLS estimator of �0 and F̂0 the empirical distribution of the residuals of

the null model.
<latexit sha1_base64="XUXxnB1l12ztzHiRzizxeSq1V48="></latexit>

Null model: 
model under the 
null hypothesis
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TESTING HYPOTHESES ON LINEAR 
REGRESSION PARAMETERS

Bootstrap data sets.
Bootstrap data sets are generated sampling the residuals "⇤ from F̂0, and then
plugging-them in the null model:

y⇤i =
X

j 6=k

cij �̂j0 + "⇤i = [ci](k)�̂0 + "⇤i .

Test statistic.
As test statistic we can use the classical t-test statistic:

t(x) =
�̂k

se(�̂k)
.

<latexit sha1_base64="dsOUa+ZgDEvHij58cJjZ2GUGQ4I="></latexit> OLS estimate on the 
original model.


